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A B S T R A C T 
The importance of ionization density in radiobiological 
processes, and the concepts involved, are briefly reviewed. Initial 
recombination theory is developed to a stage where it can be used 
to estimate the distribution of energy absorbed as a function of the 
size of ionization events from observations of the dependence of the 
collected ion current on applied electric field and gas pressure in 
a suitable ionization chamber. An ionization event is defined from 
the theory and is the ionization produced over a distance equivalent 
0 
to about 700 A in tissue. The experimental and theoretical problems 
involved are investigated in detail and it is shown that the method 
can only have a rather poor resolution and reproducibility. Distri-
butions are experimentally determined for 60co, 137cs and 226Ra 
gamma rays, PuBe, 3 MeV, 15 MeV and fission neutrons and for alpha 
particles from plutonium. These distributions are compared, where 
possible, with calculated distributions and it is shown that the 
discrepancies are within what is expected from the method. An 
attempt is made to use the distributions obtained to analyse a set 
of radiobiological data, where it is suggested that the analysis is 
0 
limited more by the fact that 700 A is not a biologically appropriate 
distance for the averaging of energy loss than by the limited preci-
sion of the measured distributions. 
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1. INTRODUCTION 
The biological effect of radiation depends on the quality 
of the radiation as well as on the amount of energy absorbed. 
Evidence suggests that this quality dependence is primarily caused 
by the differences in rates of energy loss that can occur along the 
tracks of charged particles1 ' 2). The rate of energy loss of a charged 
particle depends on its velocity as well as its charge so 
that there will be a distribution of energy loss along a charged-
particle track due to the particle slowing down. Consequently any 
radiation field will give rise to a characteristic energy-loss 
distributiort in tissue which will determine the relative efficiency 
of the radiation to cause a biological effect. A detailed description 
of the energy-loss distribution of radiation is therefore required to 
enable radiobiological data to be used to elucidate the fundamental 
biophysical processes that radiation initiates in living tissue. 
A simple method for estimating the energy-loss distribution 
of radiation could find a useful application in the estimation of 
the biological hazard from stray radiation, and replace the existing 
methods based on detailed analysis of the radiation field that are 
at present necessary where complicated radiation mixtures exist. 
The only practical method so far developed for estimating 
the energy-loss distribution of radiation3 ' 4 ) is based on the measure-
ment of the pulse-height distribution from a spherical proportional 
counter, where the mass of gas in the counter represents a small test 
volume of tissue over which the distribution of the size of energy-
loss events may be measured. This method is limited by the very 
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large range of amplification required and by the fact that there is 
a minimum gas pressure and hence test volume size at which a pro-
portional counter will operate. In view of the scar-city of avail-
able methods of measurement of energy-loss distributions it could 
possibly prove worth-while to examine the various physical radia-
tion effects that also depend on the energy-loss distribution as 
well as the quantity of radiation energy absorbed, to see if the 
phenomena can be used as the basis for a measuring device. Several 
possible radiation effects exist, such as radiation-induced chemical 
reactions5 ' 6 ), light emission from scintillating materials7 ), and 
the initial recombination of ionization in gases8 ' 9 ). The initial 
recombination of ionization in gases would appear to offer the best 
possibilities as the parameters controlling the effect, gas pressure 
and applied electric field, are easily varied and it is possible to 
use material with a composition approximating to that of tissue. 
Furthermore, empirical relations between initial recombination and 
the biological effectiveness of radiation have been demonstratedlO,ll) • 
For these reasons the initial recombination process was selected for 
investigation as a possible basis fur a method to estimate energy-loss 
distributions of ionizing radiation. 
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2. RADIATION PARAMETERS EFFECTIVE IN CAUSING BIOLOGICAL DAMAGE 
2.1 Linear Energy Transfer 
When biological material is irradiated with ionizing radiation, 
the observed biological effect is an end point of a series of pro-
cesses that are initiated by radiation interactions. The amount of 
radiation energy absorbed, sufficient to cause marked biological 
effects, is small compared with the energy used up in cellular 
metabolism. This fact led to the postulation that the high local ion-
ization density along the path of charged particles was instrumental 
in initiating radiobiological reactions, and it was proposed as 
early as 192212 ) that irreversible biological damage was the result 
of interactions with specific sensitive sites in the cell. The 
dependence of biological effect on the local rate of energy loss by 
charged particles was first systematically studied by Zirkle13 ) in 
1935 in experiments where he irradiated fern spores with different 
segments of the track of alpha particles, and obtained an empirical 
relation between ion density along the track of the particle and the 
biological effectiveness of the radiation. Zirkle subsequently 
developed this line of thought14 ) to demonstrate that the interaction 
probability of radiation with biological material is related to the 
linear energy absorption along the track of a charged particle. In 
a later work15 ), the term linear energy transfer is used to replace 
linear energy absorption or rate of energy loss, to put the emphasis 
on radiation energy transfer as being the important consideration. 
This quantity, linear energy transfer or LET, has come to be 
accepted amongst radiobiologists as the parameter of importance in 
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characterizing different radiations from the point of view of their 
ability to cause biological damage. Any type of radiation does not 
have a unique value of LET but has a distribution of energy absorbed 
with LET. Attempts are therefore made to average the LET over a 
calculated energy-loss distribution. Several different methods of 
averaging LET have been proposed. 16) -Gray puts the mean LET = T/RT' 
where RT is the range of a particle of energy T. Cormack and Johnsl7) 
propose an average LET equal to the total number of ion pairs produced 
per cm3 divided by the total track length over the cm3 • BurchlB,l9), 
following a suggestion of Lea20 ), considers only collisional energy 
transfers of up to 100 eV as contributing to the ionization along 
the track of the particle and calculates an average LET of the mean 
rate of energy loss by collisional transfers of less than 100 eV. 
These differences in method of averaging produce large differences 
in the average values obtained for X and gamma rays. Burch tabulates 
the average values of mean LET obtained by the different methods in 
ref. 19 and this table is reproduced in Table 1 to illustrate the 
differences obtained. The calculation of LET distributions and 
averages 21 ' 22 ) are based on the Bethe formu1a23 ' 24 ) which predicts 
the rate of energy loss by electronic collision of charged particles. 
Extensive tables of dE/dx as a function of particle type and energy 
exist to facilitate such a calculation25~ Calculations of the LET 
of uncharged radiations require detailed knowledge of the primary 
interaction processes in tissue, so that the Bethe formula may be 
applied to calculate the LE·r of the spectrum of charged secondaries 
produced. The formula predicts only the energy loss by the particle 
which may not be the same as the energy absorbed locally owing to 
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Table I 
Calculated mean LET values in water (keV/µ) 
(as summarized by Burch 19 )) 
Radiation Gray 16) Cormack & Johns 17) 
1 MeV a; -- --
210p 
o ex (5.3 MeV) 158 --
Tritium ~ -- --
100 kVp x rays -- --
200 kVp x rays total 3.25 1. 79 
200 kVp x rays (primary) 2.6 1.48 
6oc 0 y 0.36 0.254 
1 MeV cathode rays 
-- --
2 MeV cathode rays 
-- --












the production of fast electrons (delta rays) that deposit energy 
19) 
outside the main tr~ck of the particle. Various attempts have been 
20) 
made to define the core of a charged particle track. Lea and 
Burch19 ) assume only energy transfers to electrons of less than 
100 eV can be considered as the primary track. 26) Barends en has 
considered up to 300 eV delta rays as being part of the track and 
more recently Bewley27 ) has used 500 eV. The problem has been dis-
cussed by Cormack28 ) who points out that the cut-off energy should be 
determined by the geometric size of the sensitive sites that are being 
irradiated and suggests that if the site had a one-micron diameter, 
electrons up to 6 keV would appear to constitute part of the original 
track. Another difficulty in applying the stopping-power formula to 
calculate LET distributions is caused by the discontinuous nature of 
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the ionization by electrons. Both these difficulties would to some 
extent be overcome if the value of dx in dE/dx that is biologically 
significant was defined. A review of the estimates of this critical 
biological dimension has been made by Fowler29 ) who concludes that 
radiobiological evidence indicates that the site dimension of interest 
is in a region from 20 to 2000 A. 
Average LET values have been used to analyse the results of 
radiobiological measurements. Their most common application is in 
illustrations of the effectiveness of radiation in causing biological 
damage as a function of LET 3o-34 ). The shapes of such distributions 
of effectiveness versus LET have been used to infer the size of the 
biological target within the cell 35 - 3s). Randolph39 ) has shown that 
an energy-average LET would be the 'biophysical significant' LET 
only if RBE (the biological effect of a radiation relative to the 
effect for the same energy absorption from X or gamma rays) was direct-
ly proportional to LET. Bewley 27 ) has m~e predictions of biological 
effect based on calculations of the LET distributions arising from 
the secondaries produced by fast neutrons. The discrepancy between 
these predictions and the radiobiological data leads to the conclusion 
that an average LET does not give an adequate description of a radia-
tion field. 
The relative biological effectiveness also depends on the 
dose rate 40 ). At low dose rates applicable in radiation protection 
studies, RBE has been replaced by quality factor (QF) 41 ) as the quantity 
that expresses the relative effectiveness of radiation to cause bio-
logical damage for equal energy absorptions. The quality factor has 
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been related to the linear energy transfer of the radiation and its 
charged secondaries in water by the International Commission on Radio-
logical Protection42 ). 
The recommended relation is given in Table II where LE'r is termed 
as LET ro and refers to the energy locally absorbed along the track 





The relation between linear energy transfer and quality 
factor recommended by the International Commission on 
Radiological Protection 
LET Cl) QF (keV per micron in water) 
3,5 or less 1 
3.5 - 7.0 1 - 2 
7.0 - 23 2 - 5 
23 - 53 5 - 10 
53 - 175 10 - 20 
The definition of LET by the International Commission on 
Radiological Units43 ) is simply LET = ~~ 1 where dE is the 
energy imparted by a charged particle traversing a distance dl. 
2.2 Advanced concepts 
The inadequacy of the LET concept has long been recognized44 ) 
and attempts have been made to improve the definition of the radia-
tion parameter of biological interest. Rossi45 ) has proposed a more 
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realistic parameter which he calls 'Y'. Y is the energy imparted 
by the radiation in an event divided by the diameter of the sphere 
of interest. The distribution of energy absorbed as a function of 
the Y parameter is found to depend on the size of the sphere of 
interest. The results of Rossi's calculations of the distribution 
of energy absorbed with Y for 500 keV neutrons with various assumed 
sphere sizes, are reproduced from ref. 45 in Fig. 1. The 
idealized Y spectrum based on calculations of Boag21 ) is also 
included. 
Another approach to the problem has been made by Turner and 
Hollister46 ) who argue that LET or dE/dx is not the unique Parameter 
of the radiation controlling the biological effectiveness. They 








500 KeV neutrons 
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Fig. 1. Idealized Y distribution of ionization from 
500 keV neutronsfor small spheres and the distribution 
for 1.5, 3 and 6 micron spheres. 
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of charged particles the probability of a quantum transition will 
depend only on the momentum of the particle. If this transition is 
of a type that can produce a biological interaction, then it is 
expected that the RBE will be independent of the charge of the 
particle and depend only on the momentum. 
2.3 Comments on linear energy transfer 
Evidently the biologically significant radiation parameters have 
not yet been fully defined. The interaction between radiation and 
biological material is no doubt complex; regardless of this 
complexity, biological effect could reasonably be expected to be 
proportional to the number of cell traversals by charged particles 
multiplied by the probability per traversal that the energy-loss 
distribution inside the cell will be such that the cell will be 
inactivated. The number of eel] traversals is proportional to the 
dose D divided by L, where L is the average energy deposited 
in a cell per cell traversal divided by the mean diameter of the cell. 
The probability P that the energy-loss distribution will be sufficient 
to inactivate the cell will depend on the cross-section and the energy-
loss distribution over the possibly very small volumes of the radio-
sensi tive sites within tne cell. Hence it would appear that LET could 
have a macroscopic and microscopic significance in its contribution 
to radiobiological interactions and that the definition of LET would 
be different for the separate roles. 
2.4 The measurement problem 
As the probability of radiobiological interaction is dependent 
on the distribution of energy loss of the radiation in an imprecisely 
- 10 -
defined manner, a contribution to the understanding of the problem would 
be made by making a physical measurement of the distribution of energy 
loss as a function of the ionization density which can then be compared 
with radio bLological data. 
A possibly biologically significant measurement would be, in the 
terminology of the previous section, to determine a quantity propor-
tional to P/L. As Pis a probability per unit length of track and 
D/L is proportional to the total track length, P/L will be the relative 
frequency per unit dose with which energy-loss events are capable of 
causing non-reversible biological effects. The definition of an event 
in this case must be related to the biophysical process that the 
radiation initiates in the cell. This definition is not forthcoming 
and in any case an energy-loss event will be defined in a physical 
measuring system by the limitations of the system. All that can be 
determined is the frequency of events per unit dose as a function of 
size of event, where an event is an interaction of the radiation in 
a small volume,the diameter of which preferably being in the range of 
.. 
20 - 2000 A of tissue, and the size of an event is the amount of 
energy deposited in that volume. 
The following chapters are concerned with an analysis of initial 
recombination of ionization in a gas and an investigation of the 
possibility of using the phenomenon to determine the biologically 
significant energy-loss distributions outlined above. 
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3. INITIAL RECOMBINATION OF IONIZATION IN GASES 
3.1 The recombination coefficient 
Positive and negative ions in a gas recombine at a rate propor-
tional to the product of the positive and negative ion densities. 
The constant of proportionability defines the recombination 
coefficient, a, in : 
dn dt = - an n • + -
The approach of a positive and negative ion leading up to 
(1) 
eventual recombination is controlled by the random motion of the 
ions in the gas and the applied electric field. Once ions have 
drifted to within a critical separation from each other, where 
the electrostatic potential energy due to their charges is of the 
same magnitude as the thermal kinetic energy, the ions approach 
each other under the influence of their mutual electric field. At 
low gas pressures the ions execute orbits about each other and, in 
the case of a closed elliptic orbit, a further collision with a 
neutral molecule is required that will either permit charge neutrali-
zation or knock the two ions apart47 ). At high gas pressures many 
collisions with neutral molecules occur during the period of attrac-
tion, when the ions drift together with a high probability of eventual 
charge neutralization. A solution to the equation for random brownian 
motion of a charged ion in a gas, when moving under influence of an 
ion of opposite sign, has not been found and approximate macroscopic 
methods must be employed in gas kinetic theory to calculate recombi-
nation processes in gases. 
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Recombination, diffusion and the mobility of ions are inter-
related; at pressures above about 2 atm the probability of recombi-
nation is controlled by the probability that ions of opposite sign 
will diffuse sufficiently close to each other to enable the electro-
static forces to become effective in ensuring an eventual charge 
neutralization. Diffusion and mobility are inter-related by the fact 
that the forces opposing mobility are the same as those causing 
diffusion. The kinetic theory relations between the coefficients 
of recombination a, diffusion D and mobility u, are deduced in 
Appendix I where it is shown that 
a= 
2 Sn:e D 
kT (2) 
(3) 
where e is the electronic charge, k is Boltzmanns constant, and 
T the absolute temperature. 
The recombination coefficient may therefore be expected to 
vary inversely with the gas pressure and absolute temperature. 
This has been found to be the case where the coefficient has been 
measured 48 ). The recombination coefficient is expected from simple 
considerations, to be insensitive to the applied electric field, as 
the applied field will have an equal chance of assisting or resisting 
the mutual field of the positive and negative ions. Also, as is 
shown in Appendix I, the electrostatic forces do not become effective 
0 
until the ions have diffused to within about 400 A of each other 
(at N.T.P.) when the field strength due to their mutual charges will 
be of the order of 6000 V/cm. 
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3.2 Initial recombination 
The ionization along the track of a charged particle produces 
non-uniform high local densities of positive and negative ions. 
These ions will interact to neutralize each other unless they can 
escape from the vicinity of the high ion density by diffusion or by 
drift under the influence of an externally applied electric fiel·d. 
If the ionization is considered to occur along a straight line, then 
the initial distribution of ions will be one where the positive ions 
are situated on the line and are surrounded by a broad distribution 
of negative ions. The negative-ion density will have a distribution 
depending on a variety of factors. The initial ionizing action produces 
electrons, which have an energy distribution with zero electrons 
of zero energy, and a maximum number at about half the ionization 
potential of the parent atom; the distribution then falls rapidly as 
the energy increases to the ionization potential with a slight tail 
at higher energies49 ). These electrons are slowed down by molecular 
collisions and by the Coulomb field of the parent ionized molecule. 
At each molecular collision the electron has a probability of attach-
ment to the molecule that depends on the energy of the electron; 
there appear to be electron energy resonances in this capture process50 ). 
The effect of the Coulomb field of the parent molecule on the energy 
of the electron is small, for at one mean free path at 10 atm. the 
electric potential energy is only of the order of 10-3 eV. However, 
there is the probability that electrons, free or as negative ions, 
will return to the parent positive ion under the influence of this 
field. This preferential recombination is small at moderate pressures; 
assuming a gaussian distribution of negative ion density about the 
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positive ion, it is calculated that about 3 x 10-3 of the ions will 
recombine in this way at a pressure of 10 atm. 
The problem of calculating the distributions of negative and 
positive ions in a column of ionization and how they vary with time 
cannot be solved in detail and assumptions have to be made in order 
to estimate the amount of recombination occurring before the ions 
can separate. 
8) Jaffe made the first attempt in 1913 to explain the recombination 
of ions formed along the track of an alpha particle by considering 
the diffusion broadening of the positive and negative ion columns and 
calculating the amount of recombi~ation that occurs in the time the 
two ion columns overlap. Although the tbeory contains some approxima-
tions it has generally shown good agreement with experimental data. 
Jaffe's theory is treated in detail in Appendix II. The main 
points of the argument are as follows. 
The variation of the positive and negative ion densities with time 
at a point (x,y) outside the initial track assumed along the z direc-
tion, with an electric field X acting along the x direction, will 
depend on the effects of diffusion, drift in the electric field and 
recombination and can be expressed as: 
- an n 
+ -
~This equation is not directly solvable. The approximation 
(4) 
is made that the effect of recombination on the ion density distribu-
tion will be small and therefore the recombination term an+n- can 
be neglected to obtain an approximate solution to eq. (4). 
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The analysis then leads to a solution for the number of ions N 
surviving out of the original N per cm of 
0 
N 
N = ~~~~~~~o~~~~~~- (5) 
o:N 




where z = ( buX ) 2 and H(l) is a first order Hankel function 
y'2D o 51' 
(tabulated by Jahnke and Emcie )); u iE' the mobility, a and D 
are the recombination and diffusion coefficients of the ions; 
u and D are assumed to be the same for positive and negative ions. 
Two rather coerse assumptions are implied in the approximations that 
are found necessary in order to carry out the mathematical analysis. 
The solution of eq. (4) with the last term neglected and at 
t = 0 gives the implied initial distribution of ions in the column 
of: 
(6) 
The parameter b, termed the initial radius of the ion column, is 
assumed to be the same for both positive and negative ions. This 
is contrary to what may be expected from physical considerations. 
At low applied electric fields, a large part of the recombination 
will occur after the columnhasdiffused considerably. The ion density 
distribution in the column is then largely determined by diffusion and 
will be relatively independent of the initial distribution. Only under 
these conditions will the effect of the implied initial distribution be 
minimized. 
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The second assumption that is implied in neglecting the recombina-
tion term to solve eq. (4) is that recombination will only affect the 
number of ions remaining in the colurrnand not influence the shape of 
the ion density distribution. This assumption must lead to an overestima-
tion of the amount of recombination occurring as it does not allow for a 
preferential depression of ion density in the region where the positive 
and negative ions overlap. The assumption becomes valid only at high 
electric fields and low specific ionizations when the amount of recombina-
t ion is small. 
The two assumptions require contradictory limitations to be imposed 
on the range of voltage and gas pressures for which the theory is valid. 
The best compromise with these two requirements will occur when the 
velocity of separation of the two ion columns is of the same order as 
the outward diffusion velocity of the ions in the columns. The mean 
outward diffusion velocity is '"'\/4D/t, (see Appendix I). The velocity 
of separation of the ion columns in an electric field X is 2Xu .• 
The time required for the columns to separate by a column diameter 
of 2b will be t = b/Xu. The optimum value of X/p will therefore be: 
,! ,,,_, D 
p - bu (7) 
where bis the initial column radius at N.T.P., which for gases is 
about 10-3 cm. 
2 -1 -1 
cm sec V • 
u/D ~ 40 (see Appendix I) when u is in uni ts 
The best values for X/p will therefore be in the 
region of 25, when p is in atmospheres and X in volt per cm. 
52) Kramers points out that at high field strengths the diffusion 
term will be of least importance in eq. (4) and derives the condition 
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for neglecting diffusion of, 
!>>~ p eb (8) 
This condition reduces to X/p";j;> 25 and Kramers goes on to derive an 
expression for the fraction of ions escaping recombination of: 
co ' 
N -~r -rs- I ds I N -.y:;r: s ~ (9) 0 fe +l 0 f'= Xb 
r J 4rneN 0 
The integral has the same form as a common integral in Fermi-
Dirac statistics and has been tabulated by McDougall and Stoner53 ). 
The equation predicts higher collection efficiencies than the Jaffe 
theory as is expected, although it has the serious disadvantage of 
being entirely dependent on the assumed initial distribution of the 
ions. 
Many recombination measurements have been made and interpreted 
using the Jaffe theory and good agreement found54- 57 )_ Kara-
Michailova and Lea48 ) point out that a lot of the agreement is super-
ficial when the theory is applied to radiations other than alpha 
particles and that the values of constants necessary to obtain the 
agreement are physically unacceptable. The collection efficiency, 
when the ionization is caused by electrons, requires that the value 
of b necessary for a fit to the data is an order of magnitude 
smaller than the value required to fit alpha-particle data. Moreover, 
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the diameter of ion columns measured in cloud chambers confirms the 
higher value of b. Lea9) had recognized earlier that the Jaffe 
equation would not apply to electrons on account of the ionization 
in this case not being in continuous columns but in individual 
clusters along the path of the electron, where a more realistic 
assumption would be that the ions are distributed with spherical 
symmetry about the centre of the cluster instead of being symmetrical 
about the axis of tne column. The assumptions and argument of Lea 
follow closely those of Jaffe in deriving an equation for recombina-
tion occurring in clusters of ions. The derivation is made in 
Appendix III where it is shown that the fraction of ions escaping 
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3.3 A universal theory of in1tial recombination 
The theories of recombination of ionization occurring in columns 
and in clusters have separate derivations and different dependences 
on the electric field and gas pressure. While this remains so 
it will be impossible to interpret recombination occurring in a gas 
exposed to radiation mixtures without some knowledge of the radiation 
composition and types of interactions. 
- 20 -
The theory for the recombination occurring in a long column 
of constant specific ionization uses the quantity N , the number 
0 
of ion pairs per cm of track,whereas cluster recombination uses 1.f ' 0 
the number of ions occurring in an isolated cluster of ionization. 
Some degree of universality in recombination theory may be obtained 
if the quantity N 
0 
in the columnar theory is replaced by 
N 
0 
i.e. an ion column of N ion pairs per cm of track contains 
0 
V ions over a length ~x. 
0 
(12) 
The expressions for the collection efficiency of the cluster 
and columnar theories may then be equated and the value of ~x, 
the track length averaged over all directions in space that as far 
as recombination is concerned can be considered a cluster, can be 
obtained. The equality will not be exact as the expressions are of 
different forms. However, the ranges of the parameters over which 
the equality reasonably holds and the uncertainty of the value of 
~x can be decided and restrictions applied to any statement on 
the universality of the theory. 
The collection efficiency of the ionization occurring in long 





sy Sln tJ 
0 











The collection efficiency for ionization occurring in an 
(14) 
(15) 
isolated cluster is derived in Appendix III and is given by 
f2 
1 
= g2P(y) l + (16) 
av 
0 
where g2 = 
4(2n) 3/ 2bD (17) 
P(y) is given by equation (11). 
Suppose f 1 may be approximated to by an expression of the 
form 
(18) 
Calculated values of f 1 are given in Table VIII in Appendix II 
for different values of and Y• Hence ~Q(y) can be calculated 
using eq. (18) for any value of y and has the values over a range 
of from 0.01 to 10, and of y from 0.4 to 10, given in Table III. 
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Table III 
The value of the functions 0Q(y) and P(y) at different y 
BQ(v' 
P(y) y gl = 0.01 gl = 10 
0.4 3.4 3.3 1. 46 
0.7 2.50 2.)6 1. 20 
1.0 1.93 1.84 1.00 
2.0 1.14 1.05 0.65 
4.0 0. 63 0.56 o. 38 
10.0 0.30 0.23 0.162 
The equality f 1 = f 2 will hold when pg1 = g 2 and 
Q(y) = P(y). A plot of pQ(y) vs P(y) must therefore be a straight 
line through the origin with a slope of p. This plot is shown in 
Fig. 3 from which values of p and the errors associated with making 
the straight line approximation, as well as the upper limit of P(y) 
for which the approximation is valid, can be determined. The range 
of values that may be assigned to p and the lower limit of y 
that must be imposed for the variation in 0 to be within the 
limits given, are: 
p 1.88 + 20% provided y> 0.3 = -
p 1.77 + 10% provided y> 0.6 = -
p 1.62 + 7% provided y) 2. = -
Hence with a lo% uncertainty in ~' f 1 = :f2 provided y )> 0.6, 
and the cluster theory can be considered universal. The efficiency 
with which ions from clusters of v ions or :from a length Llx contailll.ing 
V ions in long randomly oriented columns, will therefore be given by 
eq. (16). Putting numerical values :for the ratios of the gas 
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coefficients, calculated in Appendix I, in this equation the collection 
efficiency becomes: 
1 f = ~~~--;;._--~~~~~~-
1 + 2. 28 x 10-6 ~· v P(y) 
where y = 28b x p 





0 0.2 0.4 1.6 P(y) 
Fig. 3. The function PQ(y) versus P(y). The cluster 
and columnar theories are equivalent where the relation 
between the functions can be approximated by a straight 
line. The solid straight lines indicate where the rela-
tion is linear to within ±10%. The bars indicate the range 
of values of pQ(y) obtained with g between 0.01 and 10. 
(19) 
(20) 
The length of track A x which will behave similarly to a 
cluster is given by pg1 = g2 , which using equations (12), (14) 
and (17) reduces to 
4 x = v'2npb = 4. 33b (21) 
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The value of /::,.x will be uncertain to within ~10% owing to the 
uncertainty in ~· This uncertainty depends on whether the ionization 
was produced in isolated clu@ters of ions or in long straight 
columns of ionization. In practice, ionization occurs somewhere 
between these two forms and the uncertainty in Ax will be less than 
To illustrate the co~patibility of the two farms of recombination 
equations, calculated collection efficiencies u_sing the cluster and 
column equations are plotted tqgether over three decades of y and 



















v = 1000 
--- -- -
1.0 y 10 
Fig. 4. Ionization collection efficiencies predicted 
by columnar and cluster theories, showing the degree 
of equivalence between the two theories. The dashed 
curves are the cluster theory and the solid lines the 
columnar theory with N replaced by V /Ax and 6,x 
= 4.33b. The indicated values of lT are correct for 
b = 1.55 x lo-3 cm and a gas pressure of 8.5 kg/cm2. 
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In order to be 'El.ble to use the universal theory to determine 
the dj_stribution of ionization inside an ionization chamber it is 
necessary to determine experimentally the only free parameter, b, 
the initial radius of the ion colU!IIl or cluster. It must al so be 
demonstrated that this parameter is constant and not itself a function 
of ionization density. 
3.4 The method for the estimation of the gas parameter 
Ideally the gas parameter b should be estimated without first 
having to make assumptions ab~ut the distribution of ionization in 
the gas, as it is this distribution that it is hoped will eventually 
be determined experimentally with the aid of the theory. 
In practical irradiations the current collected in an ionization 
chamber will be that from the different components of ionization 
density summed over the whole distribution and eq. (19) would become: 
where f(p, v) 
1 + .Yf(p,V) 
-6 p 
=2.28xl0 bP(y) 




max . V" 
ly 
--[1 +l.Tf(p,v)] 2 ))""= 1 





If an applied electric field V is always maintained such 
that the collection efficiency is the same at all values of p, 
di then dP = o, and it therefore follows from eq. (24) that 
-k f(p,V) = 0 
but f(p, V) oe pP(y) 
therefore, d~ pP(y) = 0 
where y is given by eq. (20) and is represented by 
y = 28b x = 1§12. ! = J3 v p d p p 
V being the voltage applied across a spacing of d cm 
d~ pP(y) = P(y) + ~ P(y) r l3 ~ - J3V2] = 0 • dy LP dp p 
Putting ~ d~ P(y) = s(y) 







.E. dV _ l 1 
v dp - - SG)" (31) 
In Fig. 2 log P(y) is plotted against log y; the slope of this curve 
is from eq. (30) equal to S(y). Hence S(y) as a function of y is 
readily determined and has the values given in Table IV. 
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Table IV 
Theoretical value of .£. dV = v dp 1 
1 
a furcction of y 
- SGT as 
I 
- s(y) 1 1 y 
I 




0.25 0.176 I 6.78 
\ 
I 
o. 40 0.268 I 4.73 I 
0. 60 
\ 
0.364 I 3.75 
I 
0. 80 I 0.466 I 3.14 I 
I 1. 30 0.577 
I 2. 75 
I 2.0 0.700 2.43 I 
4.6 0.839 2.19 
10 .o 1.00 2.00 
The method of estimating B, the ratio between y and V/p, is to 
find values of the polarizing voltage necessary at different gas 
pressures to keep the collection efficiency in an ionization chamber 
constant. A plot of log V versus log p will have a slope ..E dV v dp 
From eq. (31) this is equal to 1 1-~ s \,Y) which is plotted in 
Fig. 5 as a function of y. Hence the value for y is determined 
10 
1.0 .___ __ .__ _ __._ _ _.___....___.___..__._ ............ ~ ___ ....__ _ _..._ _ _.____.__..__..___.._._, 
0.1 1.0 10 
y 
Fig. 5. The function V ~; = 1 1 - 'S(Y') versus y 
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corresponding to the values of V and p at which the slope was taken. 
The ratio between y and V/p gives B and hence b can be 
determined using eq. (28). 
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4. EXPERIMENTAL METHODS AND MEASUREMENT OF THE GAS PARAMETER 
The experimental problem is to make measurements of ionization 
current as a function of the electric field strength and gas pressure 
in such a way that the theory may be applied to estimate the gas para-
meter by the method outlined in section 3.4 and the distribution of 
energy absorbed with ionization density using the universal theory of 
recombination detailed in section 3.3. 
4.1 The ionization chamber 
The object of the measurements is to determine how ionization 
density is distributed in tissue, hence the materials of the ionization 
chamber should have a composition near to that of tissue to ensure 
that the interaction probability of uncharged radiation is the same 
in the chamber as in tissue. The application of the theory to 
ionization measurements requires that the electric field strength is 
constant over the gas volume. These conditions are met with a 
parallel-electrode tissue-equivalent chamber. Five electrodes were 
used, three for polarization and two for ion collection. The 
electrodes are shown in Fig. 6. The polarization electrodes were 
14 cm diameter, 5 mm thick tissue-equivalent plastic58 ) with a ring 
of small holes near the circumference to permit rapid equalization 
of gas pressure in the chamber. The collecting electrodes, made of 
the same material, are 10.6 cm diameter with a 2 mm gap surrounded 
by a 1.5 cm wide guard ring. The collector is mechanically held 
by four teflon pillars connecting it to the guard ring, as is 
illustrated in Fig. 6. The electrodes are mounted into polyethylene 
rings, which act as insulators and spacers. The plates have a separa-
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Fig. 6. A collector and polarization electrode of the chamber. 
tion of 4 mm and the effective volume of the chamber is 144 cm3 • The 
collector electrodes are connected in parallel, the electrical 
connections being ~ade by spring contacts that pass through the gap 
in the guard ring. The polarization electrodes are also interconnected. 
The assembly is held together with polyethylene bolts that pass through 
the insulators. All the electrical connections are gold-plated to 
minimize thermoelectric and contact potentials. The electrode assembly 
fits into an outer pressure casing, spring contacts that pass through 
the pressure casing connect the electrodes to the sockets on the out-
side of the casing. The case was a 1.5 cm thick, 5 cm long aluminium 
ring of internal diameter 16 cm, through which the gas and electrical 
- 31 -
Fig. 7. Exploded view of the ionization chamber 
showing its construction. 
connections are made. Thin windows covering the surface area of the 
electrodes are bolted onto this ring. These windows are 1 mm aluminium 
alloy sheeting which were designed to withstand a maximum pressure of 
about 30 atm. The assembly of the components of the chamber is 
illustrated in the exploded view in Fig. 7. The assembled cha~ber 
is shown in Fig. 8. The curvature of the windows seen in the 
photograph is the result of pressure-testing the chamber. The output 
socket from the charnber connects via a short rigid lead into the head 
unit of a vibrating reed electrometer (Cary - model 31 c). High 
tension for polarizing the chamber is provided by batteries. The 
chamber is filled with tissue-eq_ui valent gas59 ) having a composition 
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Fig. 8. The ionization chamber 
by partial pressure of 64.4% CH 4 , 32.5% co 2 , 3.1% N2, which is dried 
by passing it through a molecular sieve before entering the chamber. 
4.2 Ex:gerimental consideration~ 
(a) Dependence of ionization on gas pressure 
The basis of the method of measuring the gas parameter b 
is to measure the quantity at constant collection efficiency. 
The collection efficiency at different pressures will be 
proportional to the collected current divided by the pressure 
only if the radiation energy absorbed in the gas is accurately pro-
portional to the gas pressure. This will be so if the Bragg-Gray 
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principle60 ) is fulfilled and the stopping power of the walls and 
the gas are the same. This condition has been fulfilled in the 
selection of materials for the chamber. 
(b) Linearity of the measurement of ionization current 
At high collection efficiencies the collected current 
varies very slowly with applied voltage, a small error in i/p will 
result in a large error in the apparent voltage necessary to obtain 
a particular efficiency. The observed values of i and p must there-
fore be accurately proportional to the real values of current and 
pressure over the entire range of i and p that are used. The 
linearity of the vibrating reed electrometer was checked by in-
jecting a calibrated voltage into the feed-back circuit of the 
amplifier. The output from the amplifier was read on a servo-pen 
recorder (Honeywell) to overcome non-linearity of the indicating 
meter. The amplifier was found linear to within 1% of the full-scale 
reading. This non-linearity was taken into account by preparing a 
correction curve. 
The gas pressure is measured with a Baum high-precision 
barometric gauge; its linearity was checked by the Standards 
Laboratory at the Oak Ridge National Laboratory and no significant 
deviation was found over its entire range (o - 25 kg/cm2). The 
accuracy is limited only by that with which its dial can be read, 
estimated to be 0.02 kg/cm2. Atmospheric pressure must be added to 
the gauge reading, and is measured with a mercury column barometer 
to better than l mm of mercury (,v0.001 kg/cm2 ). 
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(c) Background currents 
Background currents must be subtracted to obtain the true 
ionization current. The 'non-ionization' background current is made 
up of several components. A constant component,independent of gas 
pressure and polarizing voltage is due to thermoelectric emf 1 s at the 
electrical connections, and to effects of the radiation on the 
electrometer head. This component of background is dealt with by 
shielding the electrometer from the radiation with lead and by taking 
the mean current obtained with positive and negative polarizing 
voltage, thus eliminating the effect of the stray currents. A 
particularly troublesome background source is that which is ti:me-
dependent. This occurs particularly in air-conditioned rooms where 
temperature slowly alternates by a few degrees. Strains are set up 
in the insulators, which are a source of pietzo electricity, pro-
ducing in this case currents of the order of :!:3 x l0-15 A varying 
with a 15 min cycle. Background currents that are primarily 
voltage-dependent arise from possible slow changes in elec.trical 
capacity of the chamber under influence of the electrostatic forces 
and slow polarization of the insulators. The capacity of the chamber 
is of the order of 100 pfs. With an applied voltage of 1000 volts, 
movement of the plates at a rate of one micron per hour is enough to 
cause a spurious current of lo-14 A. This background current dies 
down a few minutes after the high tension is applied. Slow drift 
in the high-tension supply will also produce a spurious current. 
Drifts of the order of 500 mV per hour are sufficient to produce 
currents of the order of lo-14 A. 
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The background component that is proportional to the gas 
pressure is taken as a measure of the true radiation background. 
The series of measurements to be made of the collection 
efficiency at different voltages and pressures require that the 
radiation source is not disturbed during a series of measurements. 
The background cannot therefore be measured immediately preceding 
or after each measurement under different conditions. The effect 
of the background and its variations was kept small by having a source 
strength such that the background was always less than 0.1% of the 
measured current. 
(d) Other possible sources of systematic errors 
Another possible source of non-linearity arises because of 
the 'bulge' in the chamber window. The space between the window and 
the electrodes is filled with the TE gas. This gas then becomes an 
attenuator of the radiation reaching the sensitive volume of the 
chamber, the attenuation being proportional to gas pressure. The 
effect, however, is small, the attenuation of 100 keV gamma rays 
2 by the gas at a pressure of 15 kg/cm pressure being of the order 
of 0.05%, and the effect may be ignored. 
(e) Random errors 
The required and expected accuracy of the ionization 
current should be better than !0.5% for any series of measurements. 
Random errors were checked by repeating a series of measurements. 
These measurements showed variations in a reading of !0.5% due 
possibly to the statistics of radiation interactions, possible 
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zero drifts in the electrometer and the difficulty of estimating 
the third significant figure from a servo-recorder chart. 
(f) The effect of volume recombination 
In a study of initial recombination, it is highly desirable 
that the chamber be operated in a way such that the effect of volume 
recombination is negligible. Volume recombination occurs when the 
mean ion densities in the gas are high enough that positive and 
negative ions can, by chance, come within a critical separation for 
eventual recombination during their drift across the chamber under 
the influence of the electric field. Boag61 ) has formulated the 
efficiency of ion collection in a parallel-plate chamber in condi-




d is the plate separation, V the applied voltage, u the mobility 
of the ions and q the rate of ion production in units of esu/cmfs. 
For volume recombination to be negligible, f must be greater 
than 0.99 at the maximum ionization current and gas pressure. This 
condition occurs if 
the empirical value 
f is always less than 0.2. For air at NTP, 
of / .£ __£_ is 15.9. For an order-of-magnitude ~ 3 ~u2 
calculation of the volume recombination it is assumed that this value 
is the same for TE gas,and at another pressure p will have the value 
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of 15. 9 -IP. The effective volume of the chamber is 144 cm3 , one 
ampere is equal to 3 x io9 esu/s, therefore: 
q = 2.1 x io7 i esu/cm3/s • (3) 
With d = 0.4 the value of ~ becomes 
r 2 j 7 15.9-V-:'.) x: 0,4 \12.1x10 i. 
v 
== 1 J8 104 .E.. /i • - x - \T - I 
v v p 
The lowest value of V/p for which the initial recombination theory 
is valid is 4. Therefore the condition for { to be less than 0. 2 
is that i/p must be less than 5 x 10-9. The actual collected 
ionization currents were at least one order of magnitude less than 
this value so that volume recombination can be ignored. 
4.3 Measurements to determine the gas parameter 
Series of measurements of ionization current as a function of 
60 
applied voltage and gas pressure were made using Co gamma rays, 
neutrons from a plutonium beryllium source, and also using alpha 
particles from a source of plutonium placed inside the chamber. These 
three radiations cover a wide range of specific ionization. The 
external sources, a 3.7 mCi 60co source and a 4 CiPU:Se source were 
placed at about 20 cm from the window of the ionization chamber. 
Typical polarization curves for these radiations are shown in 



















Co - 60 gamma rays 
applied volts 100 
Fig. 9. The relative -value of i/p as a function of 
applied voltage for various gas pressures using 60co 
gamma rays. 
Neutrons from plutonium - beryllium source 
10 100 
applied volts 
Fig. 10. The relative value of i/p as a function of 





For the alpha-particle measurements a source in the form 
of a thin film of plutonium deposited on the end of a 1 cm diameter 
aluminium plug was inserted into the outer polarizing electrode. When 
in position the source was flush with the inside face of the electrode. 
The activity of the source used was 295 disintegrations per second. 
With an internal source the collection efficiency is directly 
proportional to the collected ionization current at all pressures 
provided all the particles stop in the gas, and that no volume 
recombination occurs near the surface of the source. The first 
condition, with a 4 mm electrode spacing, requires that the gas 
pressure exceeds 12 atm. Near the surface of the source the specific 
ionization of the particles will be about 3 x 104 ions per cm per atm. 
2 For 300 particles per second over an area of about 1 cm , the maximum 
ion production rate, the q to be used in equation 2 in section 4.2(f) 
t 9 6 0-lO - 3 esu/cm3/sec is abou xlO x 4.8xl = 4. 3 x 10 per atm. Using 
the equations derived in section 4.2(f) it is calculated that volume 
recombination is negligible with V/p greater than 1. As the minimum 
value of V/p used was 4, again volume recombination may be neglected. 
The collected ion currents were of the order of 5 x lo-13 A 
sufficiently low for background problems to be significant, and 
these cannot of course be measured at the same time as the measurements 
made with the source in the chamber. However, backgrounds measured 
before and after had a maximum value of 5 x l0-15 A. Typical polariza-























3. 14. 60 
4. 14-10 
5. 13.55 
100 applied volts 
Fig. 11. Collected ionization current as a function 
of applied voltage for Pu alphas. 
4.4 Analysis of the measurements made to determine 
the gas parameter b 
1000 
The gas parameter is found by the method detailed in section 3.4. 
According to this method it is necessary to find a quantity Eil v dp 
where V is the voltage necessary to maintain a constant collection 
efficiency at different pressures. Plots of log p versus log V are 
shown for 60 PuBe neutrons and Pu alpha particles in Co gamma rays, 
Fig. 12. The slopes of these lots d lot;i V p d log p give the re-quired 
quantity. Reference to Fig. 5 then gives the value of y 
corresponding to the value of V/p at which the slope was taken. 
The ratio between y and V/p is, from eq. (28) in section 3.4 and 
with an electrode spacing, d, of 4 mm, equal to 70 b. The values 
Pu Be neutrons (b) 10 3~~~~-Co-60 gamma rays (a) 
I 234 56 
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Fig. 12. Constant effj_ciency plots of voltage necessary to maintain a constant 
collection efficte:c.cy as a function of gas p:r·essure for (a) 60co gamma rays, 
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for b determined in this manner at V/p of 10 and 4 corresponding 
to electric field strength of 25 and 10 volt/cm. for the three 
radiations are showu in Table V. These determinations are not 
very precise; however, they serve to show that the gas parameter 
does not vary markedly with specific ionization over a large range. 
A systematic variation of b with V/p is noted, requiring that the 
range of V/p used should be restricted. Such a restriction is also 
required by the approximations made in the theory. 
The mean value of b is 1.55 x 10-3 cm at 1 kg/cm2 gas pressure, 
and is within the range of values for b determined for various 
gases by Kara-Michailova and Lea48 ). 
Table V 
Estimated values of b in cm at a pressure of 1 kg/cm2 
as a function of V/p and type of radiation 
(V in volt/cm and p in kg/cm2) 
Radiation v /p ::: 25 V/p ::: 10 
60Co 10-3 _o;z; gamma rays 1.4 x I 1.55 x 10 -' 
PuBe neutrons 1.7 x 10-3 i 2.25 x 10-3 ! 
10-3 ! Pu alpha particles l 0.9 x i -I ! 
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5. MEASUREMENTS OF IOIHZATION DISTRIBUTION 
Having determined the free parameter in the theoretical 
equation relating collected ionization current to size of ioniza-
tion events without assuming an ionization density distribution, 
it should be possible to determine information abcut the distribu-
tion of ionization in the gas that is reflected in the polarization 
curves using the universal equation of initial recombination pro-
vided the conditions of the universal theory a.re fulfilled. 
5.1 Experimental 
Ionization polarization curves were made with the chamber for 
several common radiations. These measurements were n1ade at at 
? least three gas pressures ranging froLJ. 4 to 16 ~g/cm- and over 
positive and negative volt ages of between 10 and 1000 volts. The 
radiation sources were arranged such that dose rates at the cha.'Ilber 
f -0· • t t · t +- ti d o"'J_-' 10-lO to 10-ll A, were su J_icien - - o give curren s oj_ tle or er ~ 
thus avoiding background and spurious current difficulties. The 
apparatus and the setting-up were the same as was described for 
the experi:ire ntal measurement of the gas para.meters. The following 
radiations were measured: 
(a) Gamma rays: 60 226- 137 .co, Ra and Cs sources of a few 
millicuries were placed 20 cm from tDe window of the chamber with 
the electrometer well screened from direct gammas. The polarization 
curves obtained are shown in Figs. 9, 13 and 14. 
(b) Neutrons: A 4 Ci PuBe source with an output of 6.36 
x io 6 n/s was used at 20 cm from the chamber. Monoenergetic neutrons 
were obtained from the ORNL-DLEA neutron generator. This machine is 




























Ra - 226 gamma rays 
applied volts 
Fig. l3. Polarization curves obtained at different 
gas pressures for 226Ra gamma rays. 
Cs - 137 gamma rays 
101 
applied volts 
Fig. 14. Polarization curves obtained at different 
gas pressures for 137cs gamma rays. 
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170 keV. The energy of the neutrons produced by the deuterium on 
deuterium or tritium reactions is calculated from the data of Fowler 
62) 
and Brolley from which, in the forward direction with 170 keV 
deuterons, the neutron energies are: 
H2(d,n)He3 
H3 (d,n)He4 
En = 3.0 MeV 
En = 15.0 MeV 
The machine output was monitored by a long counter situated above 
and at an angle to the forward direction of the neutrons in such a 
manner as to minimize any possible change in neutron f]ux reacning 
the counter that could be caused by a change in scattering by the 
chamber when the gas pressure is changed. The sensitivity of the 
counter was such that 10,000 counts were obtained in 30 s, thus 
minimizing statistical errors in the normalization of the measured 
ion currents. The curves obtained of i/p versus polarizing voltage 
















3 Mev (d,d) neutrons 
applied volts 
Fig. 15. Polarization curves obtained at 












15 Mev (d,t) neutrons 
applied volts 
Fig. 16. Polarization curves obtained at different 
gas pressures for 15 MeV (d-t) neutrons. 
Fission neutrons were obtained using the ORNL-Health 
Physics Research Reactor63 ). The chamber was placed at 6 m from the 
reactor and 2 m above the floor. Operation of the reactor at 4 watts 
was sufficient to produce currents of the order of l0-11 A in the 
chamber. The radiation output from the reactor was monitored with 
64) 
a tissue-equivalent ionization chamber , also at 6 m from the 
reactor and 4 m from the parallel-plate chamber. The radiation 
intensity was held constant by manual control of the reactor during 
the series of measurements. The results of these measurements are 
shown in Fig. 17. The radiation consists of both neutrons and gammas. 
The neutron spectrum has been measured elsewhere65 ) and is reproduced 
in Fig. 18. The ratio of the absorbed dose rates from neutrons and 


















Fig. 17. Polarization curves obtained at different 
gas pressures for fission neutrons. 
(c) Internal alpha particles: The measurements with internal 
alpha particles from 239Pu are the same as described in the deter-
mination of the gas parameters. These ffi:easurements were repeated 
several times. 
5.2 Analysis of the polarization curves 
The basic equations determined from the universal theory of 
initial recombination developed in section 3.3 can be represented by: 
1 
f =---- (1) 






HPRR Fission Spectrum 
E(Mev) 
Fig. 18. Neutron spectrum. of ORNL 
Health Physics Research Reactor. 
where from equations (19) and (20) of section 3.3 
-6 .E. r ) x = 2.28 x 10 , P\y 
D 
28bV 
y =a:;- } (2) 
Vis the number of ions produced in a cluster of ions or over 
a length 6x of track where 6x = 4.33b. P(y) is shown as a function 
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_-:< 
of y in Fig. 2. Using the mean value for b of 1.55 x 10 ~ cm and 
a spacing of the electrodes of 4 mm, these equations reduce to: 
x = 1.48 x 10-3 p P(y) 
y 
y = 0.11 p . } (3) 
The length of track Llx over which the number of ions produced 
in an event is averaged is equal to 6.7 x 10-3 cm at 1 kg/cm2 gas 
pressure. The density of the gas at 20°0 and 1 kg/cm2 is 1.02 g/1.Hence 
the distance over which tbe ion density is averaged wiJJ. be equivalent 
to 0.068 microns of unit density tissue. 
The collected ionization current in an ionization chamber will 
be the sum of all components of ionization density produced and the 
basic equation to be solved to find the ionization density distribu-
tion becomes: 
v=V'max 
i c iyP (4) = 1 + )/" x 
V= 1 
where iv- is the available current :per unit pressure from 1 events' 
of event size v- and i is the measured ionization current. The 
problem is to estimate the distribution of iv- with "If from a series 
of observations of i at different applied voltages and gas pressu:~es. 
The theory contains compromises and the measurements have inherent 
experimental errors associated with them. Tbe exact equation to be 
solved can be represented by: 
v=V- max 
i ~= c i))"' (5) -+ 1 +Yx p 
V=l 
- 50 -
where ~ is an unknown function of p, V and v representing the 
effect of the various errors and is hopefully small over the range of 
parameters used. This error function creates a problem for the 
solution of the integral equation and makes a unique solution for 
the event-size distribution spectrum impossible. Several methods of 
finding the best solution, both algebraic and numerica~ have been tried. 
(a) Algebraic approximation method 
A simple algebraic method has been developed for finding 
an approximate solution to equation l. The method is as follows: 
V'max 
iv i I L ::::: ::::: l+V'x p x (6) 
l 
r iy +t iv ::::: l+V'x l+vx (7) 
1 Y+ l 
))'" v- V"max [ 1v - L i,,,vx L iv ::::: l+ '\)"X + l+vx (8) 
1 1 Y+l 
v-
::::: L iy + .6 (9) 
l 
t -L .6 iy i-y'\.fx ::::: l+Y-x l+Vx (10) 
'\T+ 1 l 
As a first approximation, assume 
. ti! l iy \; (ll) 
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Replace the summations by integrals in eq. (10) and put 
!J= O; using the first approximation this leads to: 
and from eq. ( 9) 
v 
J/ == max 
l+ y x 
max 
For a large undefined upper limit of 
1 




Hence equations (13) and (14) define the second approximation to 
the solution. This solution is plotted in Fig. 19 for the various 
ga1'1Jila and neutron radiations used as the fraction of 
with an event size greater than V' which is given by 
I is the value of I extrapolated to x = O. 
0 x 




0 x I where 
0 
1000 KeV/µ 
0.9 F( v) = fraction of energy absorbed 









10' ions per event (y} 
Fig. 19. Integral event-size distributions obtained using 
approximate algebraic solution of the integral equation. 
The tail at high values of Y is caused by the poor reso-
lution of the method. 
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Having found a better approximation to the solution for i..y 7 
as given by eq.(13) than the initial l/'V assumption, the value for 
































can be obtained graphically from the plot of the dlnv seco::id 
approxi.mation. The difficu1 ty with applying the third approxima-
tion is to put the functions into a form which can be integrated 
such that I:!. can be calculated for each value of x. Furthermore, 
the plot of I versus Y , where 
x 
1 Y= - , has to he extrapolated 
x 
outside the range of x for which measurements were made in order 
to make the graphical integration from v= 1 to lf= v- • 
max 
The 
method can therefore only ~easonably be used up to the second approxi-
mation. The resulting output event-size distribution has a very poor 
resolution which is responsible for the tail in the distributions 
at high values of ...r. An idea of the resolution of the method can 
be obtained by applying the method to an exact calculated I versus 
x 
x distribution of a single-line event-size spectrum. The differen-
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tial spectrum obtained when the data is calculated from a single-
line spectrum with ir = 100 is shown in Fig. 20, the full width at 
half-height is about one and a half decades of v. 
(b) Numer·ical methods 
Numerical methods require that the summation of eq. (4) 
be divided up into number of terms less than the number of experi-
mental measurements. 
yl 
~I iy I l+ YX x l+ YX + •••.. (19) 
1 
For convenience, the dividing points Y-1 , ~' etc., bave 
been chosen on a logarithmic scale such that there are 5 terms per 
decade of Y-. The maximum value of Y is taken as 104 independent 
102 103 104 
event size (v) 
Fig. 20. Di.fferential event-size spectra showing the 
inherent resolution of the algebraic and iterative methods 
for the solution of the integral equation. The input data 
were computed from a single-line spectrum at 1/ = 100. 
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of the type of radiation being considered; this corresponds to a 
maximum LET a little more than 4000 keV/µ. Let a be the available 
n 




= ~ an [ 1 - 2 .1 7 ln ~ 1 + v n x ~ -J L l+vn-lx 




The above equation ca,n readily be solved directly to find 
the twenty values of an by fitting a polynomial to the I versus 
x 
x distribution and fitting the coefficients to the coefficients of 
x when eq. (2o)is expanded in polynomial form; alternatively, for 





I 1 x_ 
T 
-'- . Xl 
k .. lJ is [1 -
The solution being: 
k21 k22 •••••• 0 •••• 
I = k A 
(1 + )}j xi) 
2.17 ln (l+V. 1 x.) J- l 








The output spectrum of a versus n will be in the form 
of a histogram with 20 boxes. Unfortunately both of the above 
methods tend towards giving the exact solution to eq. (3). With 
more than three terms in the sununation, negative values for a result 
and alternate values of a tend to oscillate. These instabilities 
are an inherent characteristic of exact numerical solutions of 
integral equations66 ). The problem has been studied by Gold67 ) who 
has proposed an approxi.mate iterative method for the solution of 
integral equations similar to eq. (3) that will always give a 
positive output spectrum. The approximation that is made is to 
replace the inverted matrix k-l in eq. (24) by a diagonal matrix 
D with elements d .. = a./I .• 
ll l l 
The first approximation is to put all d equal to 1. 
The firGt approximation for fl, ili2. is therefore: 
fill= l (25) 
Calculate the values of I that would give the first approximation 
to A from eq. (23), i.e. 








th The m iteration is 
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I(m-1) = k A(m-1) 
d .. ( ) ll. ID 
~= 






As the iterations proceed the iterated matrix ~ 
approaches the measured values of I. However, all values of I(m) 
cannot simultaneously equal all the corresponding experimental 
values of I. The problem is to decide when to stop the iterations, 
and secondary criteria are necessary to define when the appropriate 
solution has been reached. General criteria that have been used are: 
(i) to terminate the iteration when the residue 
between iterated and experimental values is 
68) 
of the order of experimental errors ; 
(ii) to terminate when by visual inspection of the 
result the smoothest solution has been obtained. 
As no general criteria exist that would characterize ionization 
density distributions, the iterations were arbitrarily stopped at 
1000 and the variance between experimental values of I and the 
final iterated values was checked to ensure that it is of the same 
order as experimental uncertainty. 
The method as it stands can only be applied if the number 
of values of I 
x 
is the same as the number of terms in eq. (20), 
as the matrix k must be symmetric if its reciprocal is to be 
replaced by a diagonal matrix. To make the solution more general 
and independent of the number of measurements made, eq. (23) is 
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multiplied by the transpose of k to become 
(32) 
k kT is a definite symmetric matrix and V is used to replace I in 
the iteration method. The elements of Y.. are: 
(33) 
The application of the method to the unfolding of the 
event-size distribution from the integral equations appears to be 
feasible as the response matrix k is at least as well defined as 
in other detector systems where the unfolding method has been 
applied with apparent success69 , 7o,?l). The analysis implies a 
finite resolution for the method; an idea of this resolution can 
be found by constructing exact input data that corresponds to a 
spectrum of a single line at V = 100. The spectrum as analysed 
by the iterative method shows a broad peak around V = 100 with a 
half width of about 0.7 of a decade of Y. The output spectrum is 
shown in Fig. 20 (page 53) where it is compared with that obtained 
by the algebraic method. The iterative method has a better 
resolution than the algebraic method and appears to be the best 
method for the analysis of polarization curves. The degree to which 
the spectrum is unique can only be determined by making repeated sets 
of measurements using the same radiation to obtain an idea of 
reproducibility and the confidence that can be put into a single 
spectrum. 
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5.3 Calibration of the event-size scale 
The event-size distributions determined using the recombination 
theory will be absolute. The values of event size are in effect 
based on the kinetic theory calculations of the ratios of the gas 
coefficients. Consequently, the absolute values of event size will 
be as precise as the kinetic theory. On this basis it is justified 
to adjust the event-size scale to improve the agreement between the 
measured event-size distribution and the calculated distribution. 
The 3 MeV neutron radiation data was chosen to determine what adjust-
ment, if any, was necessary. These neutrons lose energy primarily 
by way of recoil proton~making the energy-loss distribution relatively 
easy to calculate. Bewley27 ) has made such a calculation including 
the effects of oxygen and nitrogen recoils. The results of his 
calculations are compared with the distribution determined by the 












ions per event ( v) 
Fig. 21. Comparison between the absolute integral event-
size spectrum for 3 MeV neutrons and th~ distribution 
calculated from stopping-power theory27J. 
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tion of the energy fraction absorbed in events of size greater than 
J..T versus event size Y- has been plotted. Conversion of the units 
of keV/micron to event size is made on the assumption that one ion 
per event is equivalent to a linear rate of energy absorption of 
31.3 ev72 ) per 0.068 microns. 
The absolute event-size scale apparently needs adjusting by 
about 30%. This adjustment will automatically occur if the numerical 
constant in eq. (19) of section 3.3 was increased by 50'% making 
the value for x to be used in section 5.2 for the analysis of 
the polarization curves equal to 2.22 • 10-3 p P(y). 
5.4 Ionization density distributions 
The values of x to be used in the iterative method for un-
folding the event-size distribution were determined from the 
voltages and gas pressures used with the various radiations from: 
x = 2.22 x 10-3 p P(y) 
v y = 0.11 p 
(34) 
The optimum value for y is about 4. V/p was therefore restricted 
such that y was in a range 0.6 - 10. The iterative unfolding method 
was then applied to obtain the energy absorbed in 20 logarithmically 
spaced event-size intervals over a range from 1 to 104. The complete 
calculation, starting with values of i.onization current, voltage and 
gas pressure was made using the CERN CDC 6600 computer. The results 
have been expressed as F( 'V), the fraction of energy absorbed at an 
event size greater than v- versus event size '\7'. The integral event-
size spectra obtained have been plotted in Fig. 22 for 60co, 137cs, 
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226 Ra gamma rays and Pu.Be neutrons, and in Fig. 23 for 3 lVleV, 15 MeV 
and fission neutrons as well as alpha particles from plutonium. Also 
included, as dashed lines in Fig. 23, are the results of calcula-
tion27) of the neutron event-size spectra and a calculation of the 
expected event-size spectra of 5.15 TuleV alpha particles. The latter 
calculation was made with the relation: 
F(v') = l _ ..JL. 5.15 (35) 
'J,.T is determined from the stopping power of alpha particles of 
energy E. The values of ~ as· a function of E were taken from dx 
standard tables. 
The only criterion of 'correctness' of the output event-size 
spectra is that the I versus x distribution that is calculated from 
x 
102 
ions per event ( v) 
60 Fig. 22. Integral event-size distributions for Co, 
137cs and 226Ra gamma rays and Pu.Be neutrons. The 
different curves for the same radiations were obtained 






















ions per event ( v) 
3 MeV neutrons 
Fig. 23. Integral event-size distributions for 3 Mev, 
15 MeV and fission neutrons and alpha pa:c-ticles from 
plutonium. The dashed lines are calqulated event-size 
distributions for these radiations27J. 
the output spectrum fits the experimentally determined distri'oution to 
within the accuracy of the experimental points. The variance between 
the measured and synthesized distribution is computed at each itera-
tion. The standard deviation, or square root of the mean variance, 
gives a measure of the agreement between the output spectra and 
experimental data. These standard deviations for the spectra of the 
radiations used are listed in Table VI. 
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Table VI 
Standard deviation of fit of event spectrum. 
determined by iterative method 
to experimental points 
Number of 
Radiation exp e rim en tal (f % 
points 
60Co gR.llliila 44 0.8 
226Ra II 15 2.6 
1370s II 19 1. 6 
(d,t) neutrons 20 2.5 
(d,d) II 15 2.8 
Pu:Be 11 19 2.0 
Fission " 34 3.3 
Pu alphas 24 1.7 
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6. ASSESSMENT OF THE METHOD AND ITS APPLICATIONS 
6.1 Limitations of the method 
The accuracy of the measured energy-loss distributions appears 
to be limited both by the inexact method of analysis and by the com-
promises made in recombination theory. As measurements are made 
at different gas pressures and these measurements are given equal 
weight in the analysis, the fit of the output spectrum to the 
experimental data is forced towards taking the variation of recombi-
nation with gas pressure into account correctly. The amount of 
recombination occurring in a cluster of v i.ons depends on v x p, 
so that a pressure change will change the ion density in the gas in 
the same way as a change in 'J. It is therefore expected that a 
correct pressure dependence of recombination will imply that the 
dependence on the number of ions per cluster will also be correct. 
The effect of the ~ 30% variation in the value of b that was 
found for different radiations and different values of V/p will 
be reflected in the event-size estimations. However, if the size 
of events was expressed as ions per unit distance rather than ions 
per event, the size of events would depend on the value of b to 
a power of less than one and the variation of b would be relatively 
unimportant. This relative independence of recombination on the 
value of the initial radius of the cluster is a necessary condition 
for the application of the theory (see page 15). 
The inexactness of the theory is primarily responsible for 
the scatter in the measured I versus x relation, which in turn 
x 
results in the possibility of adequately fitting a range of event 
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size spectra to the data. The event-size spectrum obtained will 
therefore not be unique but depend on the arbitrary arresting con-
dition in the iteration process and the range of gas pressure and 
voltage employed in the measurements. Independently determined 
integral event-size spectra were shown in Fig. 22 for Co-60 gamma 
rays and PuBe neutrons and indicate that the value of the fraction of 
energy absorbed F( '\J') + is reproducible to better than about - Ool 
on the F( 'ti) scale at any value of v. 
The method is also limited by the inherently poor resolution 
of the iteration method as was shown in Fig. 20. However, this 
inherent resolution could possibly be used to improve the method 
by providing a condition that the variance of the analysis should 
match the natural variance of radiation interaction processes in 
tissue73 ). 
Despite these limitations on the precision of the method, it 
is simple to use and the spectra obtained show the general form of 
the calculated spectra. 
6.2 Radiobiological significance of the measurements 
An ionizing 1 event 1 as defined by the universal recombination 
0 
theory occurs over a distance equivalent to about 700 A in tissue. 
This distance is determined by the range of the electrons before 
attachment in a gas and is not likely to have a biological signi-
ficance. 
The form of energy-loss distributions that are of possible 
interest in radiobiology was discussed in section 2.4. A distribu-
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tion showing the frequency per unit of energy absorbed with which 
the event size exceeds a value of V' would be of interest to analyse, 
as, according to the hypothesis made, a determination of the event 
size at which integral event frequencies and RBEs have the same 
ratios will give an estimation of the critical energy density 
necessary to cause the biological effect. Event size versus fre-
quency distributions are readily obtained from the event size versus 
energy-absorbed distributions by dividing the energy absorbed by 
the size of events at which the energy is absorbed. Integral fre-
quency distributions for the radiations used are plotted in Fig. 24 
which shows the frequency per ion produced with which event size 
exceeds a value V as a function of V: 
An incidental use of these frequency distributions is that the 
distribution for gamma rays can be directly compared with the 
observed frequency distribution of cluste:r:sof ions in cloud chambers. 
The mean frequency of the three gamma radiations is compared with 
t d f d . t . b t. f 25 l v - t 7 4 ) ·1 150 l v repor e requency is ri u ions or Ke e~ec rons anu xe 
and 300 kev 75 ) beta particles in Table VII. 
Table VII 
The percentage of clusters of various sizes determined from 
cloud chamber observations and the percentage determined 
for gamma rays using tbe recombination method 
I 
Ions perl 25 keV 150 keV 320 keV Gamma 
cluster 74J 75) 75) radiation 
electrons betas betas 
1 42.6 60 62 53 
2 22.5 23 20 18 
3 12. 4 8 9 9 
4 10.1 4 4 5 
>5 12.4 5 5 15 
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No large discrepancy is noted except that the recombination 
method predicts rather more large clusters. This could be due to the 










103 Co-60 gammas--""""' 
Ra-226 gammas __ __...__" 
Cs-137 gammas---~~ 
ions per event 
Fig. 24. Integral event frequency distributions showing 
the frequency per ion produced with which the size of 
events exceeds a value of v. 
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A biological system that has been extensively studied76 , 77 ) is the 
proliferative capacity of cultured human kidney cells (T - lg cells)o 
The relative biological effectiveness of several radiation fields 
similar to those that have been analysed in this report have been de-
termined using this system. The values that have been obtained76 , 77 ) 
indicate that the RBEs are in the ratio of about 1:4:7 for gamma 
rays, neutrons and alpha particleso Reference to Fig. 24 indicates 
that the ratio between the integral event frequencies is nowhere in 
the ratio of the BBEs. Several reasons could be found for this 
discrepancy. It is possible that the integral frequency distribution 
is not the relevant distribution to analyse and some other radiation 
parameter influences the biological response. The possibili.ty also 
exists that biological effect requires several simultaneous events in 
a cell and that a measurement of ionizat:i.on density over a small 
volume does not predict the probability of this distribution of 
energy loss occurring. A more plausible explanation of the dis-
0 
crepancy is that the 700 A over which ionization density is averaged 
is much too large. The tracks from alpha particles and most of the 
proton recoils from neutron irradiations may be considered long 
,, 
compared to 700 A in tissue; it is therefore expected that as the 
distance over which ionization is averaged is decreased the event size 
will decrease roughly proportionally while the frequency of events 
will increase proportionally with the decrease in critical length. 
The event frequency distribution from gamma rays, however, will be 
much less affected by the change in diameter over which events are 
averaged as a large part of the energy is absorbed in clusters of 
0 
ions of dimensions small compared to 700 A. Applying this simple 
reasoning to the integral event-frequency distributions in Fig. 24 
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it is estimated that the diameter over which ionization must be aver-
0 
aged needs to be less than 200 A before the ratios of the integral 
frequeneies will approach those of the RBEs. 
The limitation in using the measured distributions to obtain 
information of biophysical interest therefore appears to arise more 
from the difficulty of predicting the change in shape of the integral 
frequency distributions that will occur as the dimension over which 
ionization density is averaged is decreased,than from the limited 
precision of the measured distributions. 
6.3 Other applications 
An incidental outcome of the theory is that it can be used to 
predict the response of an instrument, based on the measurement of 
initial recombination, that is intended to measure radiation hazard 
independent of the type of radiation causing the hazard. Such an 
instrument would be useful for the estimation of radiation haza-rn 
from complicated radiation mixtures such as are found outside the 
shield of high-energy particle accelerators. An instrument of this 
type has been described by Zielczynski?S) who measures the difference 
in current obtained with two different polarizing voltages in 
parallel-plate tissue-equivalent ionization chambers. In order to 
estimate radiation hazard the response of the instrument should vary 
with LET in the same manner as the ICRP recommended relation between 
LET and quality factor that is given in Table II (section 2.2). The 
difference current, .6.i, between the currents measured at the two 
voltages, for radiation with an LET of ). keV/µ, will be 
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where x is determined from eq. (3), section 5.2. The numerical 
constant truces into account the conversion of units from event size 
to keV/µ. The available current i can be made to be proportj_onal 
0 
to the energy absorbed in tissue. 
The empirically determined voltages were v1 = 4000 volt/cm, 
r, 
v2 = 100 volt/cm at a gas pressure of 3.7 kg/cm<'... These values were 
found to give approximately the correct instrument response for 
gamma rays, neutrons from a Pu__Be source and alpha particles. Using 
these voltages and pressure to calculate x1 and x 2 the theoretical 
response of the instrument as a function of 1 can be determined. 
This response, normalized to unity at J_ = 3. 5 keV/µ, is shown in 
Fig. 25 together with the range of values of the response required 
















Fig. 25. The response of an instrument based on initial 
recombination used to measure radiation hazard. The 
boxes are the range of response required to conf'orm to 
ICRP recommendations. 
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the required and theoretical response puts a hitherto empirical device 
on a reasonable scientific basis,which should make the instrument 
more acceptable and stimulate its future development. 
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APPENDIX I 
The Ratios of the Gas Coefficients 
A. The relation between ion diffusion and mobility. 
The forces resisting the drift of ions in an electric 
field are the same as those controlling the diffusion of the 
ions in the gas. The relation between diffusion and mobility 
is determined by equating the forces acting on ions which have 
the same velocity due to the two processes, the velocity being 
independent of the type of force. 
The force FE on an ion in an electric field of X is 
Xe, and the velocity v is Xu, w~8re u is the mobility. 
Therefore: 




Let the partial pressure of ions of density n/cc be p. 
From gas kinetic theory, 
p = nkT (2) 
where k is Bol tzmam1s constant and T the absolute temperature. 
The diffusive force acting on n ions, in the x direction, is 
~qual to the partial pressure gradient dp/dx. The force FD on 
one ion will therefore be, 
iE. 
dx (3) 
The rate of diffusion of ions in a density gradient dn/dx is 
given by Fick's law, 
N = - ~ dx (4) 
- 73 -
2 
where, N is the number of ions cro::>sing 1 cm per sec along 
the x direction and equals nv, where v is the velocity of 
diffusion in the x direction, 
dn vn 
dx = D therefore, 
and ~ kTvn 
' = dx D 
FD 
kTv 




Equating the electric and diffusive forces given by equations 
(1) and (7), 
ve kTv 
= D u (8) 
therefore, u e D = kT (9) 
B. The relation between recombination and diffusion. 
The recombination of ions is determined by the ability 
of ions of opposite sign to diffuse within a distance o:f each 
other such that the electric attraction of the ions becomes 
effective and the ions eventually recombine. Hence, recombina-
tion and diffusion processes are closely linked. 
The average displacement of' ions from a point x = 0 at 
t = 0 is determined by the Brownian motion of the ions. The number 
of ions with a displacement x after a time t out of an original 
number N will be79 ) 
0 
N 
x y 4nDt (10) =----
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The mean squared displacement -2 x will be 
-2 
x = 
1 Joo 2 
No x Nx d.x = 2 nt (11) 
0 
The root mean square displacement is therefore: 
(12) 
In two and three dimensions the r.m.s.displacements are, 
(13) 
(14) 
Consider a positive and negative ion separated by a distance r , 
0 
then after a further time t the mean square separation will be, 














If there are n positive and negative ions per cc, the rate at 
which positive ions intersect the surface of spheres of radius r 
dr 
around the negative ions with a radial velocity of - dt will be 
dn 2 2 dr 
dt = - 4 n r n dt 
If r is put equal to r the critical separation of positive 
0 
and negative ions where the electrostatic energy equals the 
(17) 
dn 
thermal energy, then dt. will be the rate at which ions come 
to within a distance less than the critical distance from each 
other and hence will eventually recombine. 
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The recombination coefficient a is defined by the equation: 
dn 
dt = - an 
2 
Hence from equations (16),(17) and (18), 
The balance of electric and thermal energies occurs when 






where k is Boltzmann's constant, T the absolute temperature 
and e the electronic charge. (r calculated from this equation 
0 ' 0 
is about 400 A at N.T.P.) Therefore, 
2 
,.., = 16ne D 
"" kT - ( 21) 
80,81) The above argument is based on that of Harper and the 
assumptions should be valid in the range 2 to 100 atm. 
Jaffe has made a detailed statistical ans_lysis of tht: 
b . t. h 82-84) d . ' recom ina ion p enomenon an arrives at a more exact 
relation between recombination and diffusion: 
2 
a = &-~D 
kT 
If Dis replaced by u from eq. (9), 
2 
a = 8ne u . 
85) This is a result derived by Langevin / 
(22) 
(23) 
with much simpler 
reasoning; however, his as-sumptions should only be valid at 
pressures above about 100 atm. 
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C. Numerical values. 
The ratios of the coefficients a, D and u are, according 
to the preceding kinetic theory, 
a 8ne2 





The ratios are indBpendent of the type of gas, prov~ded 
the gas forms negative ions and that the coefficients are the same 
for the positive and negative ions; they are also independent of 
gas pressure over a pressure range of about 2 - 100 atm. a:/D and 
u/D are inversely proportional toihe absolute temperature. 
With the electronic charge e = 4.80 • 10-lO e.s.u., 
• -16 I Boltzmann's constant k = 1. 38 10 erg deg and at a temperature 
0 
of 20 C, 
a: 1.43 . 10-4 D = 
u 39.5 D = 
u 2.76 . 105 = a: 
when u has the units 2 -1 -1 cm sec v . 
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APPENDIX II 
The Jaffe Theory of Columnar Recombination 
TbiR theory is taken directly from Jaffe's paper8 ) al-
though it differs slightly in the derivation. 
A column of ionization in a gas is eliminated by diffu-
sion, drift in an applied electric field and recombination. With 
a track along the z axis and an electric field X along the 
x axis, the ion density n at a point x, y, outside the initial 




- an n ox + -
(1) 
where D is the diffusion coefficient, a the recombination 
coefficient and u the ion mobility. D and u are assumed the 
same for positive and negative ions. 
An approxjmate solution is obtained by ignoring the 




= N exp l,- r-- L(x ~ 1.ut) 2 
n(4Lt + 
+ y 2 JI ( 4D t + b 2 )] 
b~) (2) 




- r2 /b2 





where N is the initial number of ion pairs per cm of track, N is 
0 
the number remaining after time t, b is the radius of the ion 
column which from eq. (3) is the radius initially containing 63% 
of the ions. N will vary with time due to recombination 
according to: 
dN 
dt = -2na 
0 
rn n dr 
+ -




2aN2 exp [(2u2X2t 2 )/(4Dt + b 2ilj r 
2 2 








N = <:P 
1 + aNo J exp 
2n 
0 
[-(2u2x2 t 2 )/(4Dt+b2 )) dt 
4Dt + b 2 















The integral then reduce13 to 
('/) 
{ 4D ;,....:-:-+_s_y_2 
ds 










The integral can be found tabulated; 
-s 
e 1 




with y =Vz 
ds = e - z/2 
(l\ 
in fi' )(iz) 
2 --0 2 
wbere, H (l) is a first order Hankel function and is tsbuleted 
0 51) by Janhke and Emde 




the norillal component of the field will be X sin 8 If the columns 
of ioniz2.tion are randomly oriented the fraction making an angle 
between (3 and (} + d i3 will be sin Gd G • 'I'he :t'raction f of ions 
that will escape from randomly oriented ion columns of specific 
ionization N ions/cm will therefore be: 0 I 
n 
r . G sin - db f = o:N 0 t''° e -13 1 + 
8nD J y 82 2 ') ' ds 0 sin~IJ + sy 0 
(15) 
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This integral has been computed and is tabulated for different 
o:N 




The integral f = r 
0 
y g = 0.01 0.10 1. 00 10.0 
0.01 0.9042 0.4862 0.08661 0.00940 
0.02 0.9156 0.5209 0.09830 0.0108 
0.04 0. 9272 0.5612 0 .1138 0.0123 
0.07 0.9369 0.5985 0 .1303 0.0148 
0.10 0.9430 0.6248 0.1436 0.0165 
0.20 0.9552 0.6822 0.1783 0.0213 
0.40 0.9670 0.7475 0.2315 0.0294 
0. 70 0.9757 0.8033 0.2956 0.0407 
1.00 0.9808 0.8381 0.3490 0.0516 
2.00 0.9886 0.8980 0.4808 0. 0871 
4.00 0.9937 0.9414 0.6305 0.1523 
10.0 0.9973 0.9742 0.8003 0.3022 
20.0 0.9986 0.9866 0.8858 0.4585 
50.0 0.9994 0.9945 0.9495 0. 6714 
100 0.9997 0. 9972 0.9737 0.7987 
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APPENDIX III 
Recombination in Isolated Clusters ofions 
The original theory of cluster recombination is due 
to Lea g) who calculates the amount of recombination occurring 
in a cluster up until the time the clusters along the track of an 
ionizing particle merge to form a columnto which the Jaffe theory 
can be applied. This restriction of allowing the clusters to 
merge into a column is not necessary for the problem under consider-
ation and only isolated clusters are considered. The following 
argument is based on th~t of Lea who effectively applies the Jaffe 
theory in three dimensions. In three dimensions the variation with 
time of the ion densities at a point x, y, z, outside the initial 




+ ( 1) 
where D is the diffusion coefficient, a the recombination coefficient, 
u the mobility of the positive and negative ions and X is the electric 
field applied in the x direction. 
Neglecting the recombination term, a particular integral 
of ( 1) is, 
( + )2 2 x-Xut + y + z 2] 
where Y is the number of ions surviving at a time t out of the 




The variation with time of·)/ is given by: 
dY 
- --4no: dt -
2 2 ° 2 where, r = x + y~ + z • 
exp 
Yo 
therefore, Y = -------------------
a y J(\.:i.o 
1 + 3 7~ exp -(2u2x2t 2 )/(4Dt+b 2 ) ~nJ -~-~-D-t_+_b2-)~3~/--2.__... ____ _._ dt • 
0 
Making the same substitutions as in the columnar theory, 




-\f2D = y 
the integral in eq. (6) reduces to: 
I = 4 .f2bD rv s(s+/)(s+.; :~:2+s/) ds 
Noting that 








I = _ .... Y __ 
4y2bn I oO y2s",__e - s ds _/2 2( ~ 
ovs+sy s+Ys'"-+sy'"-) 
- J ) ? 
Multiply denominator and numerator by ( V s""+sy~ -s), then 
put s + 
where 
y-;2; VsQ -s 
I = v I ~( s +s,y -s) e 
4-v;-bD 2~ sy s +sy 
0 
[r -· r r: -s 1 e ds - ls e = 4bDy . 0 -v; ~ 0 y 
2 2 
=L y 2 
I=-1 ry;_ 














Hence the fraction of ions that will escape from a cluster of Y 
i) 
ions will be given by eqs. (6) and (14) and can be expressed as, 
f = l:'.:.. = ____ 1 ___ _ 
yo a.Y 
1 +o p (y) 
4(2n) 3/ 2bD 
(16) 
where P(y) = r; [ 1 - eY2(1-2erf y'2y)J (17) 
P(y) is plotted aE a function of yin Fig. 2. 
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It should be noted that eq. (16) differs from that 
arrived at by Lea by a factor of -{2 in the term containing 
the variable. Although Lea does not detail his derivation 
this difference appears to arise in the integration of eq, (4). 
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